Recently it has been proposed that, in the framework of quantum field theory, both the Standard Model gauge and Yukawa interactions arise from a single gauge interaction in higher dimensions with supersymmetry. This leads to the unification of the Standard Model gauge couplings and the third family Yukawa couplings at the GUT scale. In this work, we make a detailed study of this unification using the current experimental data, and find a good agreement in a significant region of the parameter space. Similar relations, required in Finite Grand Unification models, are also studied.
Introduction
Standard Model (SM), based on the gauge symmetry group, SU(3) C × SU(2) L × U(1) Y , has been very successful experimentally. There is still no evidence beyond SM, except possibly the neutrino masses and mixings. However, SM has many parameters, such as three gauge couplings, g 3 , g 2 and g 1 and many Yukawa couplings such as y t , y b , y τ , y c , y s , y µ , y u , y d , y e (where y t denotes the Yukawa coupling of the top quark to the SM Higgs boson and so on), mixing angles and phases. It will be nice to relate some of these parameters using symmetry. Grand Unification Theory (GUT) such as SU (5), SO(10) or E 6 relates the gauge couplings, since all the gauge interactions of the SM arise from the single gauge interaction of the unifying group. This gives g 3 = g 2 = g 1 at the unification scale, M GU T , leading to the successful prediction for the sin 2 θ W at low energy in supersymmetric (SUSY) GUT. For specific choices of the Higgs sector, GUT can also relates some of the Yukawa couplings. For example, in SU(5) theory, we can have y b = y τ , where in SO (10), we can have y t = y b = y τ at the GUT scale. Such GUT relations among the Yukawa coupling also lead to successful prediction at the low energy for a significant region of the SUSY parameter space. (For recent progress for top-bottom-tau Yukawa unification, see Refs. [1, 2, 3, 4, 5, 6] .)
One interesting fact we have observed is that in a scenario of top-bottom-tau Yukawa unification together with gauge coupling unification at the GUT scale, the unified Yukawa coupling (y G ) can be very close to the unified gauge coupling (g G ) (g G ≃ 0.7 and y G ≥ 0.5) in a wide range of parameter space. This fact interestingly implies that the origin of Yukawa couplings might be related to the unified gauge coupling. Therefore it naturally leads us to consider an interesting possibility of "gauge-Yukawa unification" at high-energy scale. In this work, we will study the numerical test of such possibility. We consider two different models in which gauge and Yukawa couplings are related. One is the higher dimensional model, and the other is so-called finite GUT model.
In higher dimensional models, the Yukawa interactions can be just part of the gauge interactions. If we go to higher dimensions, the higher dimensional components of the gauge bosons (say A 5 , A 6 , · · ·) are scalar fields, and can be identified with the Higgs bosons [7, 8, 9, 10] . The higher dimensional fermions include both chiral two-component spinors in the four dimensional (4D) language. By orbifolding condition, the resulting 4D theories can be chiral [11] . The higher dimensional kinetic term of the fermion includes the Diractype mass term of the Kaluza-Klein excited modes such as Ψ L ∂ 5 Ψ R . The extra dimensional derivative ∂ 5 must be gauge covariant due to the gauge invariance, and thus the lagrangian has the Yukawa term such as Ψ L A 5 Ψ R . Therefore, if the Higgs fields which break electroweak symmetry are unified to the gauge bosons in higher dimensions and the quarks and leptons are zero-modes of the higher dimensional fermions, the Yukawa interaction in the SM is just part of the gauge interactions. In non-SUSY models, we need at least 6D to unify the standard model Higgs fields with the higher dimensional components of gauge bosons. The reason we cannot realize the unification in 5D is that we need, at least, two real components to identify the higher dimensional components of the gauge fields with Higgs fields. In SUSY models, we can construct gauge-Higgs unified models in 5D [8] . The 5D N=1 SUSY model corresponds to 4D N=2 SUSY. The N=2 gauge multiplet includes N=1 chiral superfield Σ (the imaginary part of its scalar components is A 5 ), and we can identify the part of Σ with the Higgs field. In this model, thus, the Yukawa couplings can originate from the gauge interaction. We can also construct gauge-Higgs unified models in 6D N=2 SUSY [9, 10] which corresponds to 4D N=4 SUSY. The N=4 gauge multiplet contains N=1 vector multiplet and three chiral superfields. In the models of Ref. [10] , gauge fields, Higgs bosons as well as the third family matter fermions are unified in a single multiplet belonging to the adjoint representation of the unified gauge group in 6D. In this way both the Yukawa and the gauge interactions, in the compactified 4D theory, arise from a single gauge interaction in 6D, and thus the gauge and third family Yukawa couplings are unified at the compactification scale. The smallness of the first-and second-family Yukawa couplings can be realized by using the volume suppression, fermion localization [12] , Froggatt-Nielsen like mechanism [13] , and so on.
The object of this work is to perform a detailed analysis of such unification of the gauge couplings (g 1 , g 2 , g 3 ) and the third family Yukawa couplings (y t , y b , y τ ) within the framework of SUSY models. We find that a significant region of the parameter space allow such an unification with the key prediction for tan β (tan β ≃ 52) and the correlation among SUSY threshold corrections at low energy.
5 Therefore, precise measurement of SUSY parameters in future experiments will be quite important to test this prediction of the gauge-Yukawa unification.
The relations between the Yukawa couplings and gauge couplings have also been found at the finite GUT models [15, 16] , which are four-dimensional models. Though such relations do not arise from a symmetry, imposition of such relations at the GUT scale lead to the finite GUT models, thus reducing the number of parameters in the theory. In this work, we also investigate how well such finite GUT relations work, and again find a good agreement for a significant region of the parameter space.
Formalism

Gauge-Yukawa unification
A model realizing the unification of the gauge couplings (g 1 , g 2 , g 3 ) and the third family Yukawa couplings (y t , y b , y τ ) was presented in [10] . It has an SU(8) gauge symmetry in 6D with N=2 SUSY. N=2 SUSY in 6D corresponds to N=4 SUSY in 4D, thus only the gauge multiplet can be introduced in the bulk. 6D N=2 gauge multiplet, expressed in terms of 4D, N=4 gauge multiplet, contains the vector multiplet V (A µ , λ) and three chiral multiplets in the adjoint (63-dimensional) representation of the gauge group. The 63-dimensional gauge multiplet contains the gauge bosons (and their superpartners) while the three 63-dimensional chiral multiplets contain the third family matter fermions and the Higgs bosons plus their superpartners. Two extra dimensions are compactified in T 2 /Z 6 orbifold. With suitable choice of the Z 6 transformation matrix, SU (8) is broken to the SU(4) × SU(2) L × SU(2) R × U (1) 2 , and the theory reduces to 4D N=1 SUSY Pati-Salam model with two extra U(1) symmetry. The massless modes after compactification are the Pati-Salam gauge fields, (15, 1, 1) , (1, 3, 1) , (1, 1, 3) plus two additional sin-glet vector fields (1, 1, 1) and (1, 1, 1) , third-family matter fermions Ψ L = (4, 2, 1) 2, 0 and ΨR = (4, 1, 2) −2, −4 and bi-doublet Higgs fields, H 1 = (1, 2, 2) 0, 4 and H 2 = (1, 2, 2) 0, −4 . Since all the fields are contained in one representation of one simple gauge symmetry (63-dimensional representation of SU (8) in 6D in this case), all interactions in this theory arises only from gauge interaction. The trilinear coupling for the chiral multiplets
includes the Yukawa interaction terms
In Eq. (1), Σ, Φ, Φ c are chiral multiplets containing the third family chiral fields, Ψ L and ΨR, and the bi-doublet Higgs fields, H 1 and H 2 , and g 6 and y 6 are the 6D gauge and Yukawa couplings. Eqs. (1) and (2) leads to g 6 = y 6 with proper kinetic normalization. Integrating out the two extra dimensions, we obtain y 4 = g 4 for the 4D coupling leading to
at the compactification scale (M c ) which is also the unification scale in our theory. We assume that the Pati-Salam symmetry, as well as the two extra U(1) are broken at M c to the SU(3) c × SU(2) L × U(1) Y using suitable Higgs fields at the brane so that the particle spectrum below M c is the same as in MSSM. This model is one concrete example which predicts the relation (3). The 6D N=2 SUSY SU(8) model can be modified to 6D N=2 SUSY SO(16) [10] , and many other models can be constructed with different low energy symmetry, but all having gauge-Yukawa unification [17] . The relation (3) is the gauge and Yukawa unification for the third family, whose validity and phenomenological implication will be tested in the next section.
Finite GUT unification
Another possibility to connect the Gauge and the Yukawa couplings is finite N=1 SUSY theory [15, 16] wherein the β-functions for the gauge and the Yukawa couplings vanish to all orders in perturbation theory. In order to have all loop finite theory, there is definite set of conditions which need to be satisfied. Below we briefly review these conditions . The one-loop gauge and Yukawa β-functions and the one-loop anomalous dimension of the matter fields in a generic SUSY Yang-Mills theory are given by [18] :
where T (R), C 2 (R) and C 2 (G) are the Dynkin indices for the matter fields and the quadratic Casimirs for the matter and gauge representations respectively. λ ijk and β (1) ijk are the Yukawa couplings and the one-loop Yukawa β-functions of λ ijk . The criteria of all loop finiteness for N=1 SUSY gauge theories can be stated as follows [19] :
(I) It should be free from gauge anomaly.
(II) The gauge β-function vanishes at one loop: β If all four conditions are satisfied, the dimensionless parameters of the theory would depend on a single gauge coupling constant and the β-functions will vanish to all orders.
Models satisfying the criteria (I) through (IV) have been found in the SU(5) SUSY GUT [15, 16] with appropriate particle contents. One such solution [16] relating the gauge and the third family Yukawa couplings based SU(5) × A 4 symmetry is
where A 4 is the group of even permutation [20] , y t , y b and y τ are the top, bottom and tau Yukawa couplings, and g G is the gauge coupling at the unification scale.
Analysis of gauge-Yukawa unification scenarios
In this section, we analyze two gauge-Yukawa unification scenarios in which Yukawa couplings can be related to the unified gauge coupling: "gauge-Yukawa unification (y t = y b = y τ = g G )" and "finite-GUT unification". It has been stressed that high-energy Yukawa couplings are highly sensitive to low-energy SUSY threshold corrections to Yukawa and gauge couplings especially in large tan β case. Therefore, in a study of any Yukawa unification scenarios, an inclusion of low-energy SUSY threshold corrections is very important. Following the analysis done in Ref. [3] , we perform a semi-SUSY model-independent analysis to see if the gauge-Yukawa unification scenarios are realistic or not. In our analysis, we use a dimensional reduction (DR) renormalization scheme, which is known to be consistent with SUSY. DR Yukawa couplings (y t,b,τ ) and gauge couplings (g i ) in the MSSM at Z-boson mass scale are written as follows:
are DR quantities defined in the SM, andv and tan β are DR values in the MSSM. They are determined following the analysis in Ref. [3] . (See Ref. If we choose a certain SUSY breaking scenario, they are fixed. In our analysis, however, we treat them as free parameters without specifying any particular SUSY breaking scenario.
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When all parameters δ t,b,τ,g i are specified, all DR couplings in the MSSM are determined at m Z . Then we use two-loop renormalization group equations (RGEs) for the MSSM couplings in order to study the unification of couplings at the GUT scale. Requiring a certain unification scenario, we can obtain constraints among parameters δ t,b,τ,g i , as we will see later. In this paper, we assume that the theory between m Z and the GUT scale is well described by the MSSM.
Gauge-Yukawa unification
Here we consider a possibility that all SM gauge couplings, top, bottom and tau Yukawa couplings are unified at the GUT scale, which we call "gauge-Yukawa unification" (y t = y b = y τ = g G ). In order to study the gauge-Yukawa unification, first we look for a region where top, bottom and tau Yukawa couplings are unified (y t = y b = y τ ≡ y G ) at the GUT scale. We define the GUT scale (M G ) as a scale where
In our analysis, we allow the possibility that the strong gauge coupling is not exactly unified:
where ǫ 3 can be a few %. This mismatch ǫ 3 from exact unification can be considered to be due to a GUT scale threshold correction to the unified gauge coupling.
In Fig. 1 , contours of δ b (dotted lines in Fig. (a) ), tan β (dashed lines in Fig. (b) ) and ǫ 3 (dotted lines in Fig. (b) ) are shown as a function of δ t and δ g 3 , which are required for the Yukawa unification (y t = y b = y τ ) at the GUT scale. In Fig. 1 , we assume that all SUSY mass parameters which contribute to δ g 1,2 are equal to 500 GeV (δ g 1 = −0.006 and δ g 2 = −0.02). As shown in Fig. 1 , tan β should be about 50, and the value of δ b should be a few % [2, 3] , which is much smaller than one naively expected in large tan β case [21] .
Our next question is: "Is there any region where the unified Yukawa coupling (y G ) is really unified into the unified gauge coupling (g G )?" After requiring Yukawa unification, we calculate a parameter R defined as follows:
When R = 1, exact gauge-Yukawa unification happens. In Fig. 1(a) , contours of R are shown to see if there is a region in which the gauge-Yukawa unification happens. As one can see from Fig. 1(a) , there is a region where the gauge-Yukawa unification is well achieved. In the shaded regions of Fig. 1 , the gauge-Yukawa unification is realized within 5% level (R ≤ 1.05) allowing ǫ 3 to be a few %. Note that the gauge-Yukawa unification requires an Fig. (a) ), tan β (dashed lines in Fig. (b) ) and ǫ 3 (dotted lines in Fig. (b) ) are shown as a function of δ t and δ g 3 , required for Yukawa unification (y t = y b = y τ ). After finding the region for the Yukawa unification, contours of a parameter R (defined in text) are plotted in Fig. (a) . The shaded regions represent a region where the gauge-Yukawa unification is achieved within 5% level (R ≤ 1.05). interesting relation between δ t and δ g 3 and a very specific tan β (tan β ≃ 52) in addition to small δ b . We have checked that the value of ǫ 3 is quite sensitive to values of δ g 1,2 because a change of δ g 1,2 shifts the unified gauge coupling g G but not g 3 (M G ) very much. On the other hand, the relation between δ t and δ g 3 as well as the value of tan β does not depend on δ g 1,2 very much. Therefore we have found that the relation between δ t and δ g 3 and the values of tan β (tan β ≃ 52) are rather stable predictions from the gauge-Yukawa unification. Thus in principle, if SUSY parameters were measured precisely enough to know δ t , δ g 3 and tan β, the gauge-Yukawa unification could be tested.
In the above analysis, we have fixed top and bottom masses. We note that a change of top (bottom) mass simply shifts an allowed region of parameter δ t (δ b ). For example, if we take m t to be 174. 3 + 5.1 (≃ 174.3 (1 + 0.03)) GeV, the allowed region of δ t is shifted by about −0.03. Since uncertainties of top and bottom masses are still large, the precise determination of these masses is also quite important to test the gauge-Yukawa unification.
We comment on some possible high-energy threshold corrections. One possible correction would be due to neutrino Yukawa couplings. If neutrino Yukawa couplings are large and run below the GUT scale, they induce at most a few % corrections to GUT-scale Yukawa couplings. As a result, the effects modify the value of the unified Yukawa coupling and the relation among the SUSY threshold correction parameters by a few %, as discussed in Ref. [3] . Other possible corrections could originate from the theory of extra-dimensions [22] . There would be corrections from the brane localized interactions. These corrections can be negligible if the volume of extra dimensions is large. Also there might be some corrections from the integration of extra-dimensions. These corrections, however, highly depend on the nature of extra-dimensions (number of extra-dimensions and SUSY, topology of extradimensions etc). Therefore, we will not try to discuss the model-dependent corrections. Instead, we can see some effects to the allowed region for the gauge-Yukawa unification, adopting the parameter R. We have plotted contours of R in Fig. 1(a) . These contours show how much the allowed region can change if a deviation from R = 1 originates from these high-energy threshold corrections. As can be seen, if the deviation is of the order of a few %, still the allowed region is well constrained. In the discussions in section 4, we will assume that the gauge-Yukawa unification is realized within 5% (R ≤ 1.05) to see the implication of the gauge-Yukawa unification.
Finite GUT unification
In this section, we consider another type of gauge-Yukawa unification. In a model discussed in Ref. [15, 16] , the finiteness condition implies the unification at the GUT scale given by Eq. (7). This provides an interesting relation between Yukawa and gauge couplings at the GUT scale, and we call it "finite GUT unification".
In order to find an allowed region for the finite GUT unification, we first search for a region where bottom, tau and gauge coupling unification in Eq. (7) (y b = y τ = 9/10g G ) happens. In Fig. 2 , we show relations among parameters δ t , δ g 3 , δ b and tan β which are required for the bottom-tau-gauge unification in Eq. (7). Contours of δ b (dotted lines in Fig. (a) ) and tan β (dotted lines in Fig. (b) ) are shown as a function of δ t and δ Fig. (a) ) and tan β (dotted lines in Fig. (b) ) are shown as a function of δ t and δ g 3 , required for bottom-tau-gauge unification (y b = y τ = g G 9/10). After finding the bottom-tau-gauge unification, we also plot contours of ǫ (defined in text) in Fig. (a) . The shaded regions represent a region in which the finite GUT gauge-Yukawa unification is achieved within 5% level (ǫ ≤ 0.05). Similar to the gauge-Yukawa unification discussed in the previous section, δ b is required to be small, and tan β should be around 50.
Then we look for a region in which top and gauge coupling unification in Eq. (7) (y t = g G 6/5) is realized after finding the bottom-tau-gauge unification in Eq. (7). We define a parameter ǫ:
so that ǫ = 0 if the finite GUT unification Eq. (7) is achieved. In Fig. 2(a) , we plot contours of ǫ. As can be seen from Fig. 2 , we found a region where the finite GUT unification is realized. The shaded regions in Fig. 2 represent a region where the finite GUT gauge-Yukawa unification is achieved within 5% level (ǫ ≤ 0.05).
Notice that the finite GUT gauge-Yukawa unification constrains SUSY threshold correction parameters δ t,b,τ,g i . Especially, it requires a correlation between δ t and δ g 3 , which interestingly suggests a slightly different relation from the one for the gauge-Yukawa unification discussed in the previous section.
In the next section, we discuss the implication of the relations between δ t and δ g 3 to SUSY mass spectrum.
Implications to superparticle mass spectrum
We have analyzed two different gauge-Yukawa unification scenarios. Each scenario predicts a certain relation between δ t and δ g 3 . It is interesting to discuss implications of these relations to superparticle mass spectrum.
If all SUSY mass parameters (gaugino masses M g i , sfermion masses mf , and µ-term) are simply set to be equal to M SUSY , and A-term is set to be zero, and then we calculate δ t and δ g 3 as a function of M SUSY , we get a relation between δ t and δ g 3 as shown in Fig. 3 Fig. 3 . One can see that as M SUSY gets larger, both δ t and δ g 3 become smaller. In Fig. 3 , two shaded regions represent the allowed regions for "gauge-Yukawa unification" (lower shaded region) and for "finite GUT unification" (upper shaded region) obtained in the previous section. As can be seen from Fig. 3 , interestingly the solid line just lies on the allowed region for the gauge-Yukawa unification. This choice of SUSY mass parameters is one example to realize the relation between δ t and δ g 3 suggested by the gauge-Yukawa unification. Therefore, getting the relation predicted by the gauge-Yukawa unification is not particularly difficult.
At given δ t , the finite GUT unification requires smaller δ g 3 than one for the gauge-Yukawa unification. Note that all colored SUSY particles contribute to δ g 3 , on the other hand, only the third generation squarks as well as gauginos and higgsinos contribute to δ t . Thus it is suggested that the finite GUT unification prefers the heavier first and second generation squarks more than the gauge-Yukawa unification does. This is an interesting implication from two different gauge-Yukawa unification scenarios. We assume that all the first and second-generation squark masses, wino and bino masses are equal to ∆, and the rest of SUSY parameters stays at M SUSY . Then we show how the relation between δ t and δ g 3 changes as a function of ∆ in Fig. 3 . Dashed line is for M SUSY = 1 TeV, and dash-dotted line for M SUSY = 500 GeV. We also show points for ∆ = 500 GeV, 1, 2, 3, 4 and 5 TeV on both dashed and dash-dotted lines in Fig. 3 . One can see that clearly rather heavy first and second generation squarks are preferred for the finite GUT unification.
In order to realize the gauge-Yukawa unification, one needs to satisfy one more constraint on δ b . To get small δ b , a cancellation or a suppression among contributions to δ b is needed as discussed in Ref. [2, 3] . Therefore, keeping the relation between δ t and δ g 3 , we need to tune parameters such as stop, sbottom, gluino, chargino masses and A-term to get the required δ b . For example, in a case with M SUSY = ∆ = 500 GeV (1 TeV) in Fig. 3 for the gauge-Yukawa unification, we need Mg 3 = 500 GeV (1 TeV), mQ 3 = mt R = 200 GeV (400 GeV), mb R = 1500 GeV (3 TeV), µ = 100 GeV and A t = 0.45M SUSY (0.4M SUSY ) to obtain small δ b (δ b ∼ 0.04 (0.03)) keeping the relation between δ t and δ g 3 . Because of the relation between δ t and δ g 3 and the constraint on δ b predicted by the gauge-Yukawa unification, SUSY mass parameters have to be highly correlated. As realistic examples, we have noticed that in the supergravity-type SUSY breaking scenario, data point 1 on Table 1 in the second paper of Ref. [2] and data points 1-3 in Ref. [6] are explicit cases for the gauge-Yukawa unification. Therefore, there exists a model which realizes the gauge-Yukawa unification as well as provides the observed relic density of dark matter and a good fit to precision electroweak data.
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Since the gauge-Yukawa unification scenarios require the correlation among SUSY mass parameters, precise measurement of the SUSY parameters will be important and necessary in order to probe the gauge-Yukawa unifications.
